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Arbitrary-length reversible chain reactions with a single initial bimolecular step are consid-
ered. Monotonicity properties of species concentrations with respect to initial concentrations
are determined using the established theory of monotonicity with respect to closed convex
cones [1-3]. Strict sign results are obtained.

1. Introduction

We consider chemical reactions of the form

k1 k2 k3 kn—1 kn
A1+ A,=C1=Cr=--- = C,_1=0C,,
k_1 k_2 k-3 k*(nfl) k_n

where the subscriptekis are positive rate constants. Assuming mass action chemical
kinetics and denoting the concentration at tinod speciesA; by x; () and the concen-
tration at timer of speciesC; by y; (), we arrive at the system of ordinary differential
equations

x1(t) = —kyx1(t)x2(t) + k_1y1(2), (1.1)
X2(t) = —kyx1(t)x2(t) + k_1y1(2), (1.2)
y1(t) = kaxa(£)x2(t) — (k—1 + k2) y1(t) + k_2y2(2), (1.3)

Vi(t) =kiyi—1(t) — (ki + kiz0)yi (1) + k_gypyipr(t), i=2,...,n—1 (1.4)
and

).}n(t) = knynfl(t) - kfnyn(t% (15)

subject tax; (0) = x; 0 andy;(0) = y; 0. We assume that both o > 0 andx,o > 0 or
yi.0o > 0 for some. This guarantees that all concentrations are positive f00. Define
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L = x10+ x20+ Z;Zl yj,0 and observe that all concentrations remain in the interval
[0, L] for all time. Notice also that

x2(t) = x1(t) + x20 — X1,0. (1.6)

(Example 2 in [1] considered such a chain reaction of length two; here, we generalize to
lengthn.)

We are interested in how a solution component (a concentration) changes when a
single initial concentration is changed. If a solution component with a single changed
initial concentration is always greater (less) than the original solution component, then
we say that the component is monotone increasing (decreasing) with respect to changes
in that initial concentration value. Alternatively, if the sign of the partial derivative of a
concentration with respect to an initial concentration value does not change sign, then
the concentration is monotone with respect to changes in the corresponding initial con-
centration value. We focus on obtaining this type of derivative result. Monotonicity
results can enable one to predict the qualitative behaviour of a solution component rel-
ative to that same solution component with a changed initial value in some component.
This knowledge can lead to an understanding of the stability of solutions under changes
in initial values. Furthermore, monotonicity results can also prove useful when decid-
ing if a given mathematical model correctly represents a physical problem of interest.
For example, if examination of a proposed mathematical model does not verify certain
monotonicity observed in experiments, one could conclude that the proposed model is
in error.

The system (1.1)—(1.5) is not order preserving with respect to an orthant (in an
order preserving system, each solution component is monotone with respect to each
initial component value). We will apply the earlier-developed theory of monotonicity
with respect to closed convex cones [1-3] to determine the signs of partial derivatives
of reactant concentrations with respect to each initial concentration. In [4], these results
were determined by using extremely long arguments based on combining the equations
in the system (1.1)(1.5). Earlier related work in this area has been abstract; practical
applications of results have only looked for monotonicity with respect to an orthant.

2.  Theory

The results in this section are generalizations of the Kamke—Miiller theorem to
closed convex expanding cones. They are stated for a general system of ordinary differ-
ential equations

x®) = fx), xe, QcR" Qopen (2.1)

with flow ¢,. We note that the related comparison results requireshiatconvex. We
let Df represent the Jacobian matrix witith entryof; /dx;.

AsetK C R"isaconeif Vx € K anda > 0,ax € K. This usage of cones in a
Banach space appears in [3], for example. Cones in [5] are assumed to be convex. For a
convex cone and for, y € R", we writex <g y (ory > x)ifand only ify — x € K;
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we writex <k y (ory >g x) if y —x € reint(K), whererelint(K) denotes the interior
of K relative to the smallest subspace containkg

K (¢) is an expanding cone K (t;) € K () whenever 0< 1, < 1, and if the
smallest subspace containifig¢) for eachr is the same for ali.

The following nonstrict sign result was obtained in [1].

Theorem 1. Suppose thatf(x) is continuously differentiable o2, ¢ is the flow
for (2.1),¢:(xg) € QL fort > 0, xg € 2, Q open, and thall such that

Df(¢(x0)) +11:K(t) — K(t), Vt=0, (2.2)
whereK (¢) is a closed convex expanding conelifi. Then

9
a—kt(xo) Zkn 0, vVt =0,

for any unit vectok € K (0).

A related strict sign result was presented in [2]. The following extra theory is
needed.

A vector x generates an extreme ray (or generatorKdf 0 <x y <x x = yis
a nonnegative multiple of. A coneK is pointed ifK N {—K} = {0}. A closed convex
cone is polyhedral if and only if it is the intersection of finitely many halfspaces each
containing the origin on its boundary. is a face ofK if

XEFandOgKngX = yEF

Fork € K, F, is the smallest face af containingk.

For each fixedr, the generators of the polyhedral expanding cone of constant
dimension K (z) may be labellede;, i = {1,...,ng}. The directed multigraph
Gk (Df(x)) is constructed on the verticdgs, ..., g, } as follows. For each, let
ki = (Df(x)+ (+1I)e;, wherel is chosen so (2.2) holds. Draw a directed edge from
gitog;,i # j,ife; € Fy, Vx € O, the nonnegative orthant.

Theorem 2. Suppose thaf (x) is continuously differentiable in on 2, ¢ is the flow
for (2.1),¢:(xg) € QL fort > 0, xg € 2,  open, and thall such that
Df(¢(xo)) +11: K(t) > K(t), Vi=>0,

whereK (¢) is a pointed polyhedral expanding coneRA. Pick some unit vectok €
K(0) andfy > 0. Suppose that for eaeh (1) ¢ Fi(t) and for somer;(tg) € Fi(to)
there is a directedg;, g;)-path iING k), 1(D f (¢;,(x0))). Then

dg
8—kt(xo) >K (1) 0,

fort > 1o (t > toif k >, 0). (If the graph-theoretic condition does not hold foe= 0
but does hold for, arbitrarily close to 0, the result holds for- 0.)
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3. Reaults

Table 1 gives the signs of partial derivatives of concentrations with respect to ini-
tial concentrations. A+ (++, —) entry means that the associated partial derivative is
positive for: > 0 (positive fors > 0, negative for > 0). The/+ entry means that the
associated partial derivative is positive fog O if x1 0 < x20 andx,(t) < 0 and positive
fort > 0if x1.0 = x2,0. Symmetry ofx;(¢) andx,(r) gives analogous sign results with
respect tax, 0. These results are proved by using three separate closed convex cones,
applying theorems 1 and 2 to obtain nonstrict and strict sign results, respectively.

We first consider the proper cog with n 4 1 extreme rays ifR"*2 given bye; =
(1,1,0,...,07 ande; = (0,0,...,0,1,0,...,07,2<i < n+1, where thei + 1)st
component irg; equals 1. Note thd{ = 2L — x1(z) — x2(¢t) andiy = 2L + x1(¢) + x2(¢)
are both nonnegativér > 0. It is easy to check that the Jacobian matrik Generated
by (1.1)—(1.5) satisfies

(Df + 2k1L1)ey = kilie1 + kiloes, (3.1)
(Df + (k—g—v + k) I)ei =k__pei—1 + kieipr, 2<i<n, (3.2)

and
(Df +k_nDeni1 =k_ye,. (3.3)

With
l = ,max N2kl koo + kis kol (3.4)

(2.2) is satisfied; theorem 1, within the theorem equal to any ef to ¢, 1, gives that
the partial derivative of any concentration with respect; ®is nonnegative, X i < n.
Consider the associated multigrapty, (D f (¢;(x0))) on vertices{gs, ..., g,+1}. The
nonnegative span of any subset of extreme rayk oforms a face ofK; since all of
the extreme rays are orthogonal. Thus, (3.1) induces a directed edge;frtomg,;
(3.2) induces directed edges frggnto g;_; and tog; 1, 2 < i < n; and (3.3) induces a
directed edge frong, 1 t0 g,. Gk, (D f(¢,(x0))) is strongly connected, and theorem 2
applies, with the same choices fiorto give the strict sign results in the final two rows
of table 1.

Next, if x1.0 < x20 let e, 12 = (x1(2), —x2(2), 0, ...,07, and define the proper
expanding cone of constant dimensid(z) with extreme rayse, ..., e, 2. By
considering thex;x,-plane, using (1.6), one can see th&i(r) is expanding when

Table 1
Signs of partial derivatives of concentrations with respect to initial concentraticqs; & n — 1.

x1(0) x2(1) yi () yn (1)

X1,0 ++ - /+ +
i,0 + + ++ +
1,0 + + + ++
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X10 < Xxz0 andxi(r) < 0. Since(Df)e,2 = 0, (2.2) is satisified. By theorem 1
withk = (1,0,...,0) € K», we conclude thatfor K i <n -1

dy; . }
4 >0, Vi=>0, if X1,0 < X2,0 andxl(t) < 0. (35)
8)61,0
If x10 = x20Wecanlet,,» = (1,—1,0,...,0)7 to get the same conclusion without

the extra condition. The multigraghix, (D f (¢, (x0))) has one extra vertey,., » but con-
tains only the edges @ x, (D f (¢, (x0))). With F;, = span {e1, e,;2}, the nonnegative
span of the two vectors, the graph theoretic hypothesis of theorem 2 is satisfied since
there is a directedg,, g;)-path forj = 2,...,n + 1. Theorem 2 then gives that the
partial derivatives in (3.5) are positive for= 0.
Finally, we define the +1 vectorse; = (1,0,...,07,v; = (-1, -1,1,...,0)7,
andv; = (0,0,...,0,-1,1,0,...,07, 2< i < n, where the-1 entry inv; is in the
(i + Dyst position. Fon > 1, we can calculate that

(D f)er=kixa(t)vs, (3.6)

(Df)vy=—(ka(x1(r) + x2(2)) + k_1)v1 + kov2, (3.7)

DO Hvi=k_—pvi—r — (ki +k_Dv; +kipaviyr, 2<i<n-—1, (3.8)
and

D v, = kf(nfl)vnfl — (kn +k_p)v,. (39)

(If » = 1 we only neede; and vy; (3.6)—(3.9) simplify in this case.) Leiw; =
Z’j’.zl aj.vj, 1<i <2, wherea; € {0, 1}, Vj. The tips of the vectorgw;} in R"+2
are images of the vertices of the unit hypercube under the linear transfornfatien
(v1]va| - - - [vp) : R" = R™*2. The parallelotopeP with vertices{e; + w;} is a linearly
transformed hypercube translateddyy

We claim thatK; = span{e; + w; | 1 < i < 2"} is a proper cone with extreme
rays{e: + w; | 1 <i < 2"}. The extreme rays claim would be true if for each

O0<k, y<ks1t+w;, = y=aler+w;), o>0.

Becausey € K3 meansy = Z'}:l Lj(er+w;), A; = 0, ande; + w; — y € K3 means
e1+w; —y= Z;Zluj(el—i- w;), u; = 0, we have that

et wi =Y (hj+p)ler+w)).
j=1

Sincee; + w; is an extreme point of the parallelotope, this means that 1 ; = O,
Jj #i,andx; + u; = 1; hencey = A;(e1 + w;).
Now, using (3.6)-(3.9), for each

(Df)(ex+ w) = [k (x2(t) (1 — ab) — ajx1(0)) + k_1(ah — ) Jur
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+ ) ki@l g — di) +k_j(dlyy —db) v,

j=2
— a,’; (ky, + k_,)v,, (3.10)

whered € {0,1}, Vj. In each term in (3.10), ity, = O write v, = (e1 + w; +
vm) — (e1 + w;), noticing that in this case; + v,, is some othew,. If a’, = 1 write
U = (e1 + w;) — (e1 + w; — v,), Wherew; — v,, is some othew, in this case. The
rewritten equation has nonnegative coefficients on ewgsy w, vector except possibly
the e; + w; term. Hence, by picking large enough, @ + I7: (e; + w;) — Kjz, for
eachi, so condition (2.2) is satisfied. By theorem 1, with= ¢1, we conclude that

0 S0 2o Moo wiso (3.11)
8)6170 3)61,0 3)61,0

The associated graphi, (D f (¢ (x0))) on vertices gy, ..., g} seems difficult to

analyze in general. To conclude that the partial derivatives in (3.11) are strictly posi-

tive we only need to show that there is a directed path fegrto all other vertices in

G,(Df(¢(x0))). Labelinge; 11 =e;+v; fori =1,...,n,weseethatin )y " e 1

is in the interior of the parallelotop®. In other words,F,  ,u...ve,,; = K. Thus,

if there is a directed path from to g;, j = 2,...,n + 1, in Gg,(D f(¢(x0))) then

there must be a directed path frogn to all other vertices inG g, (D f (¢,(x0))). By

conS|derlng (3.6)3(3.9), we see thati ¢, (D f (¢, (x0))) has directedg;, g;+1)-paths for

i=1,. — 1, giving the desired result. Theorem 2, once again with eq, tells us

that the partlal derivatives in (3.11) are strictly positive.
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